TQFT STRING OPERATIONS IN OPEN-CLOSED STRING 
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Abstract. To open-closed cobordism surfaces, open-closed string topology 
associates topological quantum field theory (TQFT) operations, namely string 
operations, which depend only on homeomorphism types of surfaces and which 
satisfy the sewing property. We show that most TQFT string operations vanish 
in open-closed string topology. We describe those open-closed cobordisms with 
vanishing string operations, and give a short list of open-closed cobordisms 
with possibly nontrivial string operations. 



Contents 

1. Introduction 

2. Properties of transfer maps in homology and cohomology 

3. Vanishing of some basic orientable open-closed string operations 

4. Proof of Theorems 
References |2C 



1. Introduction 

In the open-closed string topology, (degree zero) string operations are associated 
to open-closed cobordism surfaces in such a way that string operations depend only 
on homeomorphism types of cobordism surfaces and they satisfy sewing property. 
Such open-closed string operations were constructed by Ramirez |10j and Sullivan 
[llj . See also papers by Harrelsson [8] and by Lauda and Pfeiffer [9|. The open- 
closed string topology contains the closed string topology and string operations in 
closed string topology were constructed by Cohen and Godin [3 . In the same paper 
and in [7] j they constructed higher string operations associated to homology classes 
of moduli spaces of Riemann surfaces with boundary, giving rise to a homological 
conformal field theory. The above mentioned string operations are associated to 
degree zero homology classes of the moduli spaces, and they give rise to topological 
quantum field theory (TQFT) pp. 

In [13], we showed that higher genus degree zero closed string operations all 
vanish, and we described all cases of possibly nontrivial degree zero closed string 
operations. In this paper, we do the same for open-closed string topology. As in the 
closed string topology case, most of the open-closed string operations vanish, and 
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we will give a small and complete list of open-closed cobordisms whose associated 
string operations can be nontrivial. 

To describe the result, let E be a connected open-closed cobordism, and sup- 
pose that end points of open strings are restricted to oriented closed submanifolds 
I, J, K,L, . . ., so called D-branes. To E, we can associate the following numerical 
quantities. 

<?(£) = the genus of £. 

w(E) = the number of windows (= free boundary circles) in E. 
p(£) = the number of incoming closed strings. 
q(E) = the number of outgoing closed strings. 

r(E) = the number of boundary circles with only incoming open strings. 
s(E) = the number of boundary circles with only outgoing open strings. 
i(E) = the number of boundary circles containing both incoming and out- 
going open strings. 

Let Pu be the space of all continuous open strings in M leaving / and ending 
in J. Suppose (I, J)s are labels of end points of incoming open strings, and (K, L)s 
are labels of end points of outgoing open strings. For the construction of string 
operations, we require that there exists at least one outgoing closed string or an 
outgoing open string, namely, q + s + t > 1. The associated string operation is of 
the form 

Me : H*(LM)®r ® (g) H*{P U ) — > H„(LM)® q ® (g) H*{P KL ). 

(I, J) (K,L) 

Our main theorem describes those open-closed cobordisms whose associated degree 
zero string operations vanish. We assume that the oriented closed submanifolds 
I,J,K, . . . , have dimension less that d = dim M, although some statements are 
valid under weaker hypotheses. 

Theorem A. Let £ be a connected open-closed cobordism with at least one outgoing 
open or closed string, and let (Iy: be the associated string operation. 

(I) If E satisfies one of the following conditions, then /is = 0. 

(i) 5(E) > 1. (ii) w(E) > 2. (hi) t(E) > 2. 
(iv) g(E) > 3. (v) s(E) > 1 and s(E) + q(E) > 2. 

(II) Suppose g(E) = and w(E) = 1. 

(i) If E has an incoming or outgoing open string (r + s + t > 1), then /is =0. 

(ii) If E has no open strings (r = s = t = 0) and has at least two outgoing 
closed strings [q > 2), then fis = 0. 

(III) Suppose i?(E) = 0, w(E) = and t(E) = 1. If q + s > 1, then ^ = 0. 

(IV) Suppose 5 (E) = 0, w(E) = 0, and t(E) = 0. If (q, s) + (1, 0), (2, 0), (0, 1), then 
= 0. 

Part (IV) is included as a convenience, but it is a consequence of (iv) and (v) 
of part (I). To see this, since in string topology open-closed cobordism must have 
at least one outgoing open string or one outgoing closed string, when t(E) = 0, 
we must have 9(E) + s(E) > 1. Then parts (iv) and (v) of Part (I) of Theorem A 
restrict the possible values of (q,s) for nontrivial string operations to a set (1,0), 
(2, 0), and (0, 1). This proves part (IV) of Theorem A. 
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The proof of Theorem A is given in section 4, and it depends on the vanishing 
of string operations in the following four types proved in section 3. 

(1) Vanishing of open window operation (Proposition 13 . 2| ) . 

(2) Vanishing of genus one operation (Proposition 13. 3|) . 

(3) Vanishing of handle attaching operation (Proposition 13. 4p . 

(4) Vanishing of a double saddle operation (Proposition 13. 5|) . 

(5) Vanishing of a double closed window operation (Proposition [3J]). 

The second and the third vanishing property above says that only genus open- 
closed cobordisms can have nontrivial string operations. The first vanishing prop- 
erty above says that for a connected open-closed cobordism with windows, associ- 
ated string operation vanishes unless all strings are closed, and in this case, there 
cannot be more than one window for non-triviality of the string operation by the 
fifth vanishing property. The fourth vanishing property implies that if a connected 
open-closed cobordism has at least two boundaries containing both incoming and 
outgoing open strings, then the associated string operation vanishes. 

Those open-closed cobordism surfaces £ not covered by Theorem A can have 
nontrivial string operations, and they can be classified into the following five dif- 
ferent types. At the end of each types, we list their invariants. 

Theorem B. The following is a complete list of open-closed cobordisms with pos- 
sibly nontrivial string operations. 

(I) Si is a closed cobordism of genus with exactly one window and with exactly 

one outgoing closed string, (g = 0, w = l,p > 0, q = 1, r = s = t = 0). 
(II) T,2 is an open closed cobordism of genus zero with no windows with exactly 
one outgoing closed string and no outgoing open strings, (g = lu = 0,p > 
0,q = l,r>0,s = t = 0). 

(III) £3 is an open-closed cobordism of genus with no windows and no outgoing 
open strings, and has exactly two outgoing closed strings, [g = to = Q,p > 
0,g = 2,r > 0,s = t = 0). 

(IV) £4 is an open-closed cobordism of genus and no windows and no outgoing 
closed strings, and all outgoing open strings are along a single boundary of 
£4. (g = u = 0,p> 0,q = 0,r > 0,s = l,t = 0). 

(V) £5 is an open-closed cobordism of genus with no windows and no outgoing 
closed strings, and has exactly one boundary with both outgoing open strings 
and incoming open strings, {g = u> = 0,p > 0, q = 0, r > 0, s = 0, t = 1). 

Pictures of the above five types of surfaces are given below in figures 1 to 5 
corresponding to (I) to (V) in Theorem B. 

String operations associated to type (I) surface £1 is given purely in terms of 
loop products in (LM) . The string operation associated to £ 2 is given by open 
string products and closed string products, together with open-to-closed operation. 
String operations of type (III) and (IV) are computed from (II) by applying closed 
coproducts and open coproducts, together with closed-to-open operation. String 
operations of type (V) can be computed using the -ff* (LM)-module structure on 
the path space homology H*(Pu), and string operations associated to open-closed 
cobordisms homeomorphic to discs. These last disc operations will be examined in 
detail in [14] . 
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p > incoming 
closed strings, and 
no incoming open 
strings (r = 0). 




This genus cobordism has exactly 
one window (g = 0, w = 1). 



Figure 1. (I) Open-closed cobordism Si. 



D 



Exactly one out- 
going closed string 
and no open strings 
(q = l,a = t = 0). 



p > incoming 
closed strings. 



Incoming open strings 
along r > boundary 
circles. 



This cobordism of genus has 
no windows (g = 0,w = 0). 




Exactly one outgoing closed 
string and no outgoing open 
strings (q = 1, s = t = 0). 



Figure 2. (II) Open-closed cobordism S 2 . 



p > incoming closed strings. 




This cobordism of genus has 
no windows (g = u) = 0). 



3 
3 



Exactly two outgoing closed 
strings and no outgoing open 
strings (q = 2, s = t = 0). 



Incoming open strings along r > 
boundary circles. 

Figure 3. (Ill) The open-closed cobordism S 3 . 
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This cobordism has exactly two boundary circles, one of which 
is an incoming closed string and the other contains only outgo- 
ing open strings (q = 0, s = 1, t = 0). 1 




All outgoing open 
strings are along 
the same boundary 
circle. 



Figure 4. (IV) The open closed cobordism £4 is obtained by sewing £2 
with the above cobordism along the outgoing closed string of £2 and the 
above incoming closed string. 



This cobordism has exactly two boundary circles, one of which 
is a closed string to be sewn with £2, and the other contains 
both incoming and outgoing open strings (q = 0, s = 0, t = 1). 

Outgoing open strings. 





Incoming 
open strings. 



Figure 5. (V) An open closed cobordism £5 is obtained by 
sewing £2 and the above cobordism along the closed string. 



2. Properties of transfer maps in homology and cohomology 

We describe and prove various properties of transfer maps in the context of 
fibration which will be useful in later sections and the subsequent paper [14] . 

First, we quickly review the construction of transfer maps. See [4]. Let M be 
a smooth closed oriented connected d-manifold and let p : E — * M be a Hurewicz 
fibration. For example, E can be a free loop space LM of continuous maps from 
S 1 to M and p is an evaluation map at base points of loops, or a path space Pjk 
consisting of continuous paths from a submanifold J to another submanifold K 
and p is an evaluation at time < t < 1. Let l : L — > M be a smooth embedding 
of a closed oriented smooth ^-dimensional manifold, and let q : El — > L be the 
induced fibration. We use the same notation l : El — * E to denote the inclusion 
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map covering i : L — ► M. The following diagram provides the basic context. 

E < El 



M <— ^ — L 

Let ^ be the normal bundle to t(7) in M, and we orient v so that we have an 
oriented isomorphism v © l*{TL) = TMLn. Let tt G H d ~ t (L u ) be the Thorn class 
of v. Let TV be a closed tubular neighborhood of i{L) such that D{v) = N, where 
D(v) is the closed disc bundle of v associated to some metric on v. We use the same 
notation for the corresponding Thorn class u G H d ~ l (N,dN). Let ln : A" — > M 
be the inclusion map, and let c : M — > N/dN be the Thom collapse map. Let 
w = c*(u) G H d ~ l (M) be the Thom class of the embedding t. The Thom class v 
is characterized by w (~l [M] = t*([L]). In the following commutative diagram, let 
u' G H d ~ l (M, M — L) be the corresponding Thom class, which is represented by a 
cocycle which vanishes on singular simplices in M not interesting with L. 

u' g H d ~ l {M, M — L) H " > H d - e (M)3v 



u G H d - e (N, N -L) J " ) H d - e (N, ON) 3 u 

We have w = t* N ( u ') an d w = 3m{ u ')- 

Let JV = p~ 1 (N) and c : £7 — > N/dN be the Thom collapse map. Here, cW is 
defined simply as p^ 1 (dN). We let : AT — > E be the inclusion map. 

The projection map tt : N — > 7 is a deformation retraction. Using the homotopy 
lifting property of the Hurcwicz fibration p : E — > M, the map 7r can be lifted to a 
deformation retraction tt : N — > as follows. Let 7f : AT x 7 — > M be the homotopy 
for the deformation retraction such that H(x, 0) = x and 77 (a;, 1) = n(x) G 7 for 
i G iV. By homotopy lifting property, there exists a homotopy H : N x 7 — > 7? 
extending the identity map 77(5, 0) = .t and such that 77 o [p x 1) = p o H. Then 
the map w(x) = H(x, 1) is a lift of tt, and is a deformation retraction. We remark 
that although tt is a deformation retraction, the map tt may not be onto, and tt may 
not have a bundle structure. We can construct a homotopy equivalence between 
the pull-back bundle q*{v) and N, but this map is in general far from being a 
homeomorphism. 

Let u = p*(u) G H d - l (N,dN), v = p*{v) G H d ~ l (E), and v! = p*(u') G 
H d ~ l (E, E — El) be pull-back Thom classes. We consider the following commuta- 
tive diagram, where i' : El — > A^ is an inclusion map and is a homotopy inverse of 
tt : N -> E L . 



u' G H d - e (E, E - E L ) — ^ v G H d - £ (E) — — > H d - e (E L ) 



(2.1) 



ueH d - e {N,N -E L ) — ^ u G H d ~ e (N, ON) H d - e {N) 



Relations among various Thom classes are given by v — c*(u), v = j* E (u r ), u 
^(u'),andL'*jt(u) = L*(v). 
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The homology and cohomology transfer maps i\ and t ! for induced fibration are 
defined by the following compositions. 

l, : H*(E) H*(N, dN) H^ d+e (N) ^ H^ d+e (E L ), 

l- : H*(E L ) ^ H*(N) H* +d - l {N,dN) H* +d - ( (E). 

Here, the Thorn maps given by cap or cup products with v! may not be an isomor- 
phism since 7r : N — > El does not have a bundle structure. However, for the rest 
of this paper we do not need these Thorn maps to be isomorphisms. 

Note that if L is not connected, then appropriate homology and cohomology 
groups in the above diagrams split into direct sums. 

By letting p : E = M — ► M be the trivial fibration, the following transfer maps 
between finite dimensional manifolds can be defined. 

t, : H,{L) — » H^ d+e (L), l- : H*(L) — ► H* +d - e (M). 

We collect basic properties of transfer maps which will be used later. See [6] 
Chapter VIII §10, [2] chapter VI §14, and [5] for more on transfer maps. Although 
the properties discussed in the next theorem is well known, for convenience we 
provide their proofs, since orientation convention differs from literature to literature. 

Theorem 2.1. Let i : L — > M be a smooth embedding of a closed oriented £- 
manifold L into a closed oriented connected d-manifold M . Let p : E — > M be 
a Hurewicz fibration, and let p : El — > L be the induced fibration on L. Let 
l : El —> E be the inclusion map. 

The homology and cohomology transfer maps l\ and l' satisfy the following iden- 
tities for a G -H* (El ) , b G H*(E), a G H*[E), (3 G H*(E L ), a' G H*(L). 

(1) L*n(b)=vnb. 

(2) tii*(a) — l*(v) a — q*{e v ) n a. 

(3) n(a nb) = {-l)^ (d - e h*(a) n n{b). 

(4) A* (a) =iUa. 

(5) l*l-{(3) =L*(v)Uf3 = q*(e u )Uf3. 

(6) J((3)nb= (-i)i /3 K d -^ i ,(/3n t! (6)). 

(7) p*c l (a')=L i {q*(a')). 

(8) H([M]) = [L}. 

(9) , l ({L i }) = (-l)^){M}, 



where in the last identity, L = JJ. Li is the decomposition into connected compo- 
nents. Here e v — l*(v) G H d ~~ t (L) is the Euler class of the normal bundle v to l(L) 
in M. 

Proof. Proofs are given in terms of commutative diagrams in terms of which the 
above identities become more or less transparent. 
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(1) We consider the following commutative diagram 



H*(N, ON) H^ d+e (N) 



H*(E) 



JE, 



H*(E, E — El) 



i'n( ) 



♦ H*- d+l (E) 



H*-d+t(E L ) 



H*-d+t{E) 



The middle square commutes because u = i*^(u') by (12. ip . The composition of maps 
on the top line gives it . The commutativity of the diagram implies for b £ H* (E) , 

L»t,i(b) =u' nfe),(6) = ^(tt') n 6 = w n b. 

This proves (1). 

For (2), consider the following commutative diagram. 

H.(E L ) — ^ H*(E) H,(E) 



H,{E L ) 



3n * 



H,{N,8N) 



t *(c)n( ) 



fin( ) 



H*(El 



-d+e 



(N) 



H 



*-d+e 



(N) 



Here, the bottom left square commutes since L r *j^(u) = i*(v) by (|2.ip . For a £ 
if* (-El), the element tit* (a) is given by following the diagram along the perimeter 
from the top left corner to the bottom left corner in clockwise direction, noting that 
t'„ = (7T*) _1 . The commutativity of the diagram then implies iti*(a) = t*(v) H a. 
(3) We consider the following commutative diagram, where a £ H*{E). 



H*(E) 



H*(N, dN) 



an( ) 



*-d+l 



(N) 



H*- d +i(EL) 



«n( ) 



<40)n( ) 



t *(a)n( ) 



H*-\ a \(E) 



H*-\ a \(N, dN) 



un( ) 



» H*-\ a \- d +i(N) <- 



|ce|-d+£ 



(El 



where the first square commutes since c* = (ijy )* 1 ° Jb*, and the second square 
commutes up to (— l)H( rf -^) by an obvious reason. The last square commutes 
because t = i^ou 1 . Since (7r*) _1 = i'„, the top and bottom rows both give i\. Hence 
the commutativity of the diagram implies that L\(a(~\b) — (— \)\ a \( d ~^ l* (a) fUi(&). 
(4) We consider the following commutative diagram. 



H*(E) 

•i 

H*(E L ) 



H*(E) H*(E,E-E L ) 



3k 



H*(N) 



su( ) 



H*+ d - e (N,dN) 



H*{E) 



H*+ d - e {E) 



if] since ir is a deformation retraction. 



The first square commutes because lot} 
The second square commutes since u = i^(it') by (|2.ip . The composition of maps 
in the bottom row is exactly t ! . Hence the commutativity implies t ! t*(a) = j* E (u' U 
a) = j* E (v!) Ua = iiUa. 
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(5) We consider the following commutative diagram. 



H*{E L ) «-^- 



H*{N) 



uu( ) 



» H*+ d ~ e {N,dN) — — ► H* +d - l (E) 



i#0&)u( ) 

H*+ d - e {E L ) 4-i H*+ d - e {N) = 



H*+ d -\N) H* +d -\E) 



Here, the composition of maps in the top row gives t ! and the composition of maps 
in the bottom row gives I*. Since i 1 j%(u) = t*(v) by ()2.1j) . the commutativity of 
the diagram implies t*t ! (/3) = J* j%(u) U /3 = i*(v) U /3. 
(6) Unraveling the definition of ti , we have 

0rui(&) = (-i) l/3|(d - £) ^((uur(/?)) n £*(&)). 

Since t o 7r ~ ^ and (ijy)* ° ^* = is*, we have 

(_l)l/?l(<*-^(/3 n «(&)) - u r 09)) n 5,(6)) 

= (L%)- 1 (uur(p))n( jE Ub) 

*L - , 
"at; 



Since (j,e)* (^) 1 (u U 7r*(/3)) = c*(uU 7r*(/3)) = the above formula is equal 

to l-{(3) n &. 

(7) This is straightforward. Since u = p*{u), we have 

i q [a) — c [u U 7r q (a )) — c [p (u) U p ir (a )) = p c (vUir [a )) = p l [a ). 

(8) By our choice of orientation on the normal bundle is, the Thorn isomorphism 
gives 7r„ (u' n [N, 9iV]) = [L\. Hence we have 

H([M]) = 7r*(w'nc*([M])) = tt*(u' n [iV,diV]) = [L]. 

(9) Let i = \\ i Li be the decomposition into path components. Then for each 
component ij, (6) and (8) implies 

i'dU}) n [M] = {-ly^h^iu} n t! ([M])) 

= (-i) £ ( d -^*({L 4 } n [L]) = (-1)^-%*], 

where Xi £ Li. Since M is assumed to be connected, [xi] — [xq] for all i for 
.T S M. Hence t ! ({i})n[M] = {-iy( d -^\Tt a {L)\[x ]. This is the same as i ({L}) = 
(-l)^ d - £ )|7r (i)|{M}. □ 



Remark 2.2. If we change the orientation of the normal bundle u, then the sign 
of the Thorn class u 6 H d (N, dN) also changes. Our choice of the orientation is 
made so that we have ti([M]) = [L]. Conversely, this identity characterizes the 
orientation of v and the sign of the Thorn class u. 
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3. Vanishing of some basic orientable open-closed string operations 

In this section, we first describe basic vanishing properties of open-closed string 
operations. Then in the next section, we give a refined list of open-closed cobordisms 
with vanishing string operations. In this process, we make a list of all those open- 
closed cobordisms with possibly nontrivial string operations. 

The proof of the vanishing of some basic string operations follows a similar 
pattern which we discuss first. Let M be a connected oriented closed smooth 
(i-manifold. Consider the following diagram where each square is a pull-back of 
Hurewicz fibrations, i : L — > M is a smooth inclusion of an oriented closed sub- 
manifold L of dimension I which is not necessarily connected, and : L — > L x L 
is the diagonal map: 

P <— i — Q — R — Q — ► P 

(3.1) p q\ q '\ q\ p 

M < — - — L — ^— > L x L <— ^ — L — 1 —> M 

Lemma 3.1. In the homology diagram with transfers induced from the above dia- 
gram, for a € iJ»(P), 

(3.2) L*jijMa) = x(L)(p*({M})na). 

Proof. Let v be the normal bundle of the embedding cj> oriented in such a way that 
we have an isomorphism of oriented vector bundles v © Ttfi(L) = T(L x L)\^y 
Since v = TL and its Euler class e„ is given by (—l) e eL = e-L, using (2) of Theorem 
12.11 we have j\j*L\(a) = q*{eif) (~l ti(a). Now (6), (7) of Theorem 12. II implies 

L *j\j* L \{ a ) = i>*[q*{eL) n t\{aj) 

= (-l)^V( 9 *(e £ ))na 
= (-l)^-V(t l (e £ ))no. 

Let L = LJ Li be the decomposition into connected components of L. Then e^ = 
E t e Li = E 4 x(Li){Li}. Using (9) of TheoremO we get 

^l) = £ xiLi^ttLi}) = ^(-l^-^XM} = (-1)^-V X (L){M}. 

i I 

Hence i*j\j*i\(a) = x(L)(p*({M}) n a). This completes the proof. □ 

We prove vanishing of five basic string operations using Lemma l3.ll Let /, J, K, L 
be closed oriented submanifolds of M. Let Pjj be the space of continuous paths 
from points in / to points in J. 

First, we consider a composition of an open string coproduct ipj and an open 
string product fij: 



H*(Pik) H*{P U ) ® H^Pjk) H,(P IK ). 
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Since maps ipj and fij lower degree by d— \ J\ and \J\, respectively, their composition 
t L J OL PJ lowers degree by d. The relevant commutative diagram is the following one: 



PlK 



M 



Pu x P JK 

j 



J 



.1.1 



PlJ X Pj K 



JJ 



Pi xpo 



J X J 



PlJ X Pj K 
J 



J 



PlK 

A 

M 



where pi (7) = 7(5) for 7 6 P, 



IK- The open string product and coproduct are 
given by fij = and ipj — We also use the notation a - j b — 

^j[a b) for open string product for a G H«(Pu) and b G H*(P JK ). 
The corresponding open-closed cobordism £, which we call an open window, is 
an annulus with one incoming open string and one outgoing open string along the 
outer boundary, and its outer free boundaries carry labels /, K and the inner open 
window carry a label J. See figure 6. 

K 




Figure 6. Open-window operation vanishes identically: 
H*{P IK ) — > H*{Pu) ® H*{P JK ) — > H*(P IK ). 

Proposition 3.2 (Vanishing of open window operation). Suppose dim/ < 
dim A/ or dim A' < dim A/. Then the open window operation /x^ vanishes. Namely, 

(3.3) /i s = fxj oipj = Q:H^ (P IK ) — » {P u ) ® H, {P JK ) — > if, (P/*). 

Proof. We give two different proofs. 

(Method I) For simplicity, we denote ij and j'j simply by l and j. By Lemma 
13.11 for a G H^(Pjk), we have 

Mj ¥>j(a) = t*jij*t-\(a) = x{J)(p\{{M}) D a). 

Since pi - t ; o P() : P /K -> J -> M, we have pt({M}) = p5(tJ({M})). If 

dim/ < dimM, then tj({Af}) = 0, and consequently p\ ({A/}) = 0. Similarly, 

2 

when dim/T < dim M, we have p\ ({M}) = p*t^({M}) = 0. Thus, in cither case 

2 

we have /xj o (pj{a) = for every a G H*(Pik)- 

(Method II) Since [/] G H^(Pjj) is the unit in the algebra //*(P//), we write 
a G H*(Pik) as a = [/] -/a. Using the Frobenius property and associativity of open 
string products and coproducts, we have 

Mj <Pj(o) = Mj "/ a ) = (MJ ¥>j(M)) '/ a. 

Since the operator p,/ o ip j lowers the degree by d, if dim/ < dimM, then fij o 
</3j([/]) = 0. When dim /T < dim A/, by writing a = a-K [K], we can argue as above 
to show that fij o i^j(a) = 0. This completes the proof. □ 
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Figure 7. Genus 1 operation vanishes identically: 
H*(LM) — ► H*(LM) ® H*(LM) — > H,(LM). 



Next we consider the closed string version of the above result. Let fj, and <p be 
the loop product and the loop coproduct: 



H*(LM) 



H*(LM) ® H*(LM) 



H,(LM). 



Both ip and \i lower degree by d. The corresponding diagram is 



LM 

M x M 



LMxLM 

M 



M 



LM x LM 

pxp 

MxM 



LMxLM 

M 

i 

M 



-> LM 

(p,p')\ 
-> MxM 



where p' (7) = 7(5)- The loop product and coproduct are given by fi = L+j\ and </? = 
The open-closed cobordism S associated to fiocp is a torus with two boundary 
circles, one incoming and one outgoing closed strings. We call the associated string 
operation jit£ a genus 1 operation. See figure 7. 

Proposition 3.3 (Vanishing of genus one operation). The string operation 
associated to a genus 1 cobordism, a torus with one incoming and one outgoing 
closed strings, identically vanish. That is, 



(3.4) 



/is = n o ip = : H* (LM) — ► H* (LM) <g> H* (LM) — ► H*(LM), 



Proof. For a G H*(LM), by definition, //s(a) = L*j\j*L\(a). Using Lemma 13-11 this 
is equal to 

/i E (o) = x(M)((p,p')*({M x M}) n a). 

Here (p,p')*({ M x M}) = p*({M}) U (p')*({Af}) = p*({M} U {Af}) = 0, since 
p ~ p' and {Af} U {Af} = in H*(M). Consequently p s = 0. This completes the 
proof. □ 

Note that the above genus one surface with two boundary circles can be obtained 
by attaching a handle to a cylinder. So we also consider an open-closed cobordism 
E obtained by attaching a handle to a disc with one incoming and one outgoing 
open strings. Let the free boundary labels be submanifolds /, J. See figure 8. This 
open-closed cobordism describes a process in which a loop splits off from an open 
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>u x LM 


— Pu 


M 




A 


(P1,P § )| 




M 


— ^— > M x M 



string and later rejoins to the open string. The following diagram describes this 
process. 

P u <— - — PuxLM — - — > P u xLM «-^- 

M 

MxM <— - — M — ^— > MxM 
We call the associated string operation the handle attaching operation. 

Proposition 3.4 (Vanishing of handle attaching operation). The string op- 
eration associated to attching a handle to a disc with one incoming and one outgoing 
open strings vanishes. That is, 

(3.5) me = : ff*(Prj) — ► #*(Prj) (8 fl*(LM) — ► fl*(P w ). 

Proof. For a S H*{Pij), using Lemma 13.11 we have 

Ms(a) = t.Jli.ti(o) = x(M) ((pi, p»)*({M x M}) n a). 

Since the map (pi ,pg) : Pjj — » M x M is homotopic to a map </>opi : P/j — ► M — » 
M x M, we have (pi ,pi)*({MxM}) = p|^*({M x M}) = 0, since 0*({Af x M }) = 
{M} U {M} = € H*{M). This completes the proof. □ 




Figure 8. Handle attaching operation vanishes identically: 
(i = : fl-.(Pjj) — ► ff„(P/j) (8 H*(£M) — ► ff*(P/j). 

Propositions 13.31 and 13.41 show that all TQFT string operations associated to 
higher genus open-closed cobordism surfaces vanish. Thus only genus zero open- 
closed cobordisms can give rise to nontrivial TQFT string operations. Proposition 
13.31 was also proved in [13] in the context of closed string topology. The method 
used in that paper is slightly different from our current rather uniform method. In 
[IB] , the coproduct tp was determined explicitly, and ip was shown to be nontrivial 
only on Hd(LM) with values in Hq{LM x LM) generates by [c x ] <8> [c x ], where 
[c x ] G Hq(LM) is the homology class of the constant loop at x G M. It was 
then shown that ji o tp = since //([c^] £g> [c x ]) — by dimensional reason. The 
main result of this paper describes those open-closed cobordisms of genus with 
vanishing string operations. Recall that in [T3] we also showed that the string 
operation associated to a connected closed cobordism with at least three outgoing 
closed strings vanishes. 

Next, we discuss "saddle" interactions. This is the interaction of two open strings 
at their internal points. See [14] for more details. Let /, J, K, L be closed oriented 
submanifolds of M. In the saddle interaction, an open string with end label /, J 
and another open string with end label K, L cut each other at their internal points 
and subsequently recombine. See figure 9. 
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FIGURE 9. This open-closed cobordism is homeomorphic to a disc with 
4 open strings along the boundary, describing the saddle interaction 
of open strings: H*(P U ) <8> H*(P KL ) — > H*(P IL ) <g> H*(P KJ ). 



The saddle interaction is described by the following diagram: 

Pu x P KL Pu x P KL - J -^ Pil x Pkj 

M 



Pi xpi 



Pi xpi 



MxM — M — > MxM 

Hence the saddle interaction or internal point interaction is given by the following 
composition of maps: 

s = j*u : H*{Pu) ® H*(P KL ) — > H*(P IL ) ® H*(P KJ ). 

This operation is associated to an open-closed saddle cobordism £ which is home- 
omorphic to a disc with four open strings such that incoming and outgoing open 
strings alternate along the boundary of the disc and its free boundaries are labeled 
by /, J, K, L in this order. Saddle operations are not identically zero, but double 
saddle operations vanish identically. 

Proposition 3.5 (Vanishing of double saddle operation). Suppose at least 
one of the closed oriented submanifolds I, J, K, L have dimension less that dimM. 
Then the double saddle interaction vanishes: 
(3.6) 

s o s = : H*(P U ) ® H*{P KL ) -f H4P IL ) ® H*(P KJ ) -» H*(P U ) ® H*(P KL ). 
Proof. The diagram relevant to the double saddle interaction is the following. 

Pi. j x Pkl < Pi. j x Pkl — - — ► Pil x Pkj < — - — Pil x Pkj ► Pu x Pkl 

M M 
Pi xpi | p j Pi x Pi[ p| 

MxM <— - — M — ^— > MxM <— - — M — ^— ► MxM 
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Here observe that intermediate spaces Pi j x Pkl and Pil x Pk j arc in fact exactly 

M M 

the same space, and we are in a position to apply Lemma 13.11 For a S H Sf (Pu) 
and 6 G H„(Pkl), we have 

(s o s)(a x b) = L 9 j\j*i\(a x b) 

= X (M)[(pi x pi)*({Af x M}) n (a x 6)] 

= (-l)l a l d x (M)(p!({M})na) x (p|({M})n6). 

If dim/ < rf or dim J < g?, then pi ({Af}) = G H*(Pjj), since pi is homotopic 

2 2 

to li o p : Pjj — > J — > M , and also to lj o pi : Pj j — > J — > Af . Similarly, if 
dimA" < d or dimi < d, then p\({M}) = S H*(Pkl)- Hence in either case, we 

2 

have (s o s)(a x b) = 0. This completes the proof. □ 

Next we consider the effect of a closed window labeled by an oriented closed 
submanifold K of dim K = k. Consider the following diagram: 



LM <- 



M 



L K M 



K 



Pj 



KK 



(PO,Pl) 



K x K 



Here LkM is the space of continuous loops in M whose base points lie in K . Let 
9k = j*L< ■ H*(LM) — > H*(Pkk) be an operation from closed strings to open 
strings lowering degree by d — k. It describes an interaction in which a closed string 
touches the submanifold K and splits into an open string whose end points lie in 
K. Similarly, the operation fix = : H*{Pkk) H*(LM) from open strings to 
closed strings lowering degree by k describes an interaction in which open strings 
with end points in K close up to become closed loops. The closed window operation 
Wk is the composition of these two operations, and Wk lowers degree by d: 

W k = $k°0k-- H*(LM) — ► H*(P KK ) — ► if* (LM) . 

The open-closed cobordism S for the string operation Wk is a cylinder with one 
incoming and one outgoing closed strings and one hole, a free boundary circle, 
labeled by K. See figure 10. 




Figure 10. Closed window operation of the form: 
H*(LM) — > H*(P KK ) — > H* (LM) . 

Proposition 3.6 (Closed window operation). For a G H*(LM), the effect of 
a closed window operation Wk with label K is given by 

(3.7) W K (a) = V K o 9 K (a) = x(K)([c Q ] ■ a), 

where [cq] G Hq(LM) is the homology class of a constant loop, and the dot ■ denotes 
the loop product in H*(LM). 
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Proof. The diagram for the operation Wk — $k ° Ok is the following one: 



LM 



M 



L K M 



K 



— ► -Pktk <- 

(po.pi) I 

—* K x K +■ 



L K M 

'\ 

K 



LM 



M 



For a £ H*(LM), we have oQk{o) = L*j\j*t\{a). By Lemma 13.14 this is equal to 

fcofe(a)= X (if)(p*({M})na)= X (]r)(H-a). 

Here we recall that for any cohomology class a G H*{M) and a homology class 
6 G H*(LM), we have p*(a) n & = D(a) ■ b, where D(a) G H*(M) is the Poincare 
dual of a. See [12] for more details and related topics. This completes the proof. □ 

We can prove the same result using a different method. Let Si be an open- 
closed cobordism homeomorphic to a cylinder with one outgoing closed string and 
one free boundary circle labeled by K. The associated string operation fis 1 : k — > 
H*(LM), where k is the ground field, is given by /^s 1 (l) = ^k{[K\) = x(K)[c n ] G 
Hq(LM). Let £' be an open closed cobordism obtained by sewing Si to one of the 
incoming closed string of a pair of pants representing the loop product. Then S' 
is homeomorphic to the open-closed cobordism S for the closed window operation 
Wk- See figure 11. 

This upper part is Si. 




Figure 11. Open-closed cobordism homeomorphic to a 
closed window cobordism in figure 10. 

Thus, for a G H*(LM), 

W K {a) = ± f i s/ {a) = ±fi Sl {l) ■ a = ± X (K)[co} ■ a. 

This Proposition has the following immediate corollary. 

Corollary 3.7 (Vanishing of double closed window operation). For every 
oriented closed submanifolds K, L of M , the composition of closed window opera- 
tions Wk and Wj, is identically zero. 

(3.8) W K o W l ee : H, {LM) H* {LM) ^ H* {LM) . 

Proof. For a G H*{LM), we have 

W K o W L {a) = W K {x{L)[co] ■ a) = X {K) X {L)[c a ] 2 ■ a = 0, 
since [cq] 2 = in H*{LM) by a dimensional reason. □ 
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Remark 3.8. So far we have discussed five types of string operations which iden- 
tically vanish: open window operations, genus 1 operations, handle attaching op- 
erations, double saddle operations, and double closed window operations. From 
open-closed cobordism point of view, these operations are closely related. Let £ be 
an open-closed cobordism for an open window operation. So £ is an annulus with 
one incoming open string and one outgoing open string along the outer boundary. 
Let Si and £2 be two copies of £. We glue them in four different ways. See figure 
12 for three of the four ways. 

(i) Glue Si and £2 along outer free boundaries as well as along inner free 
boundary circles. We get an open-closed cobordism for genus 1 operation. 

(ii) Glue Ei and £2 along inner boundary circles only, and label outer free 
boundaries by I, J, K, L. We get an open-closed cobordism for double sad- 
dle operation. 

(iii) Glue £1 and £2 along outer free boundaries, and label inner free boundary 
circles by K, L. We obtain an open-closed cobordism for double closed 
window operation. 

(iv) Glue £1 and £2 along inner free boundary circles and along one set of outer 
free boundaries, and label remaining free boundaries by /, J. We obtain an 
open-closed cobordism for handle attaching operation. 

All string operations associated to these open-closed cobordisms vanish. 



4. Proof of Theorems 

In this section, we will combine vanishing results in the previous section with 
some auxiliary results to prove the main theorem. Let £ be a connected open-closed 
cobordism, and let /Lts be the associated orientable string operation determined up 
to a sign. 

The first proposition proves the first part of the main theorem. The meaning 
of integer invariants g(£), w(£),p(£), g(£), r(£), s(£), i(£) associated to the open- 
closed cobordism £ is described in the introduction. 

Proposition 4.1. Let £ be a connected open-closed cobordism. The string opera- 
tion /is identically vanishes if £ satisfies one of the following conditions. 

(i) g(£) > 1. (ii) w(£) > 2. (iii) t(£) > 2. 
(iv) g(£) > 3. (v) s(£) > 1 and s(£) + q(£) > 2. 

In (v), assume that at least one label K of outgoing open strings has dimension 
dim if < d. 

Proof. The conditions (i) and (ii) come from Proposition 13.21 Proposition 13.31 
Proposition 13.41 and Corollary 13.71 Proposition 13.41 is needed for (i) to cover the 
case when £ has a boundary containing both incoming and outgoing open strings 
(£(£) > 1). When a connected open-closed cobordism £ has at least two bound- 
aries containing both incoming and outgoing open strings (t(£) > 2), £ contains 
an open-closed cobordism surface for double saddle operation. Thus, the condition 
(iii) comes from Proposition 13. 51 In (13) . we showed that if £ is a connected closed 
string cobordism with at least three outgoing closed strings, then the associated 
string operation identically vanishes. The condition (iv) comes from this fact. 
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(i) Glue along both outer 
and inner free boundaries 




(i) Genus 1 open-closed cobordism. 



(ii) Glue along 
the inner free 
boundary. 




(ii) Double saddle open-closed cobordism. 



(iii) Glue along the outer 
free boundaries. 




(iii) Double closed window open-closed 
cobordism. 

Figure 12. Three of four ways to glue two copies of open window cobordisms giving rise 
to three basic open-closed cobordisms with vanishing string operations. 



For (v), let £' be a genus surface with three boundary circles having one 
incoming closed string, one outgoing closed string, and one outgoing open string 
whose end points are labeled by the closed oriented submanifold K of dimension 
dim if = k < d. When £ satisfies the condition (v), it contain an open-closed 
cobordism homeomorphic to £'. The string operation associated to £' is 

= {6 K ® l)<p ■ H*(LM) — ► H*(LM) ® H*(P KK ), 

where for a 6 H*(LM), we have (9k <8> t)<-p{ a ) = (Ok <8> l)([co] €5 ([co] -a))- Since the 
operation 9k lowers degree by d — k > 0, #([co]) = G H*(Pkk)- Hence = 0. 
Thus, string operation associated to connected open-closed cobordisms satisfying 
the condition (v) identically vanish. □ 

We use genus <?(£) and window numbers w(£) as primary invariants to classify 
open-closed cobordisms with vanishing string operations. 
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Proposition 4.2. Let £ be a connected open-closed cobordism with the genus 
<?(£) = and the window number w(£) = 1. 

(1) If £ has an incoming or an outgoing open string, then /is = 0. 

(2) If £ has no open strings but has at least 2 outgoing closed strings, then 
Ms = 0. 

Proof. (1) If £ has cither an incoming or outgoing open string (r + s + t > 1), then 
£ contains an open-closed cobordism for the open window operation. Hence the 
vanishing of the string operation /is is a consequence of Proposition 13. 21 Thus, for 
a surface £ with g = and w = 1, nontriviality of the associated string operation 
requires that £ has no open strings. 

For (2), let £' be an open-closed cobordism with one incoming closed string, two 
outgoing closed strings and one free boundary circle labeled by a closed oriented 
submanifold K. Then the associated string operation /is' lowering degree by 2d is 
given by 

Ms' = <p o W K ■ H* (LM) — ► (LAI) ® H*(LM). 

For a 6 H*(LM), we have Ms'O) = ip(x(K)[c ] -a) = X (M) X (K)[c }®{[c Q ] 2 -a) = 0, 
since [cq] 2 — in H*(LM). Thus the string operation /is' identically vanish. Hence 
the original string operation /is must also vanish. This completes the proof. □ 

This proves the part (II) of Theorem A. Since in string topology, there must 
be at least one outgoing open or closed string, part (2) of the above proposition 
leaves the case of closed cobordism with one outgoing closed string and one closed 
window. The associated string operation can be nontrivial. This is the first type of 
open-closed cobordisms with possibly nontrivial string operations listed in Theorem 
B. 

Next we consider the case in which <?(£) = and w(£) = 0, and we prove part 
(III) of Theorem A. Recall that the number of boundary components i(£) contain- 
ing both incoming and outgoing open strings must be at most one for nontrivial 
string operations by the first part of Theorem A. 

Proposition 4.3. Let £ be a connected genus open-closed cobordism with no win- 
dows. Suppose £ has exactly one boundary containing both incoming and outgoing 
open strings (that is, t(£) = 1), with a label of dimension less than d = dimM. // 
£ contains an outgoing closed string or a boundary component containing only out- 
going open strings, then the associated string operation identically vanish. Namely, 
if <z(£) + s(£) > 1, then /is = 0. 

Proof. Such an open-closed cobordism £ contains a connected genus open-closed 
cobordism £' with one outgoing closed string and one boundary containing one 
incoming open string and one outgoing open string. Let the labels of the free 
boundary components be /, J such that dim / < dimM. See figure 13. The asso- 
ciated string operation is of the form 



M s' = <pu : H*(Pu) — ► ff,(LM) ® H*(Pu). 
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Figure 13. Open-closed cobordism for H„ (LM)-comodulc 
structure in H*(P U ) : H t {P u ) — ► (LM) <g> H*{P U ) 



where the H*(LM) comodule map ipu = j*L\ lowering degree by d is defined using 
maps j and t given in the following diagram: 



Pu 



(Pl ,P3) 
4 4 



M xM 



LM x Pu 

M 



M 



-> LM x P/j 



(pxpi ) 



M x M, 



where LM x m Ptj consists of pairs (7, 77) G LM x Pjj such that 7(0) = 77(5). We 
show that the comodule map ipu is identically zero. 

We can easily verify that the comodule map <pu satisfies the property 

<Pu{a -i b) = <pn(a) -i b 

for any a e H^(Pjj) and b G H*(Pjj). Letting a = [I], the unit in H*(Pu), 
by degree reason we have ipu([I]) — 0, since (pu lowers the degree by d and by 
assumption dim/ < d. Hence for any b £ H*(Pij), <pij(b) — ipjj([I) -j b) = 
ipu ([I]) -i b — 0. Hence the string operation ^ = tpjj identically vanishes. This 
implies that the original string operation ^ must vanish, too. □ 

The above proposition leaves the case in which the genus connected open-closed 
cobordisms E with no window have no closed outgoing strings nor boundaries with 
only outgoing open strings + s(S) = 0). The associated string operations 

can be nontrivial. This cobordism is listed in the introduction as the fifth case in 
Theorem B. The three cases (2), (3) and (4) in Theorem B correspond to those 
open-closed cobordisms excluded in part (IV) of Theorem A. This completes the 
proof of Theorem B. 
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